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1 Ramanujan graphs

Expander graphs are sparse, “highly connected” graphs. One way to say that the graph is
highly connected is that random walks mixes rapidly or mixes like in the case of a random
graph. Note that this can be formalized through the spectrum of a graph.

Let G be a finite k-regular graph on n vertices. Let AG be the adjacency matrix of G.
Since AG is a symmetric matrix, this implies all its eigenvalues are real. Let k = λ1 ≥ λ2 ≥
· · · ≥ λn ≥ −k. Note that if G is disconnected then λ1 = λ2. Or in other words, G is connected
if and only if λ1 > λ2. Moreover, G has a bipartite component if and only if λn = −k.

Definition 1. G is called a good expander if and only if λ2, |λn| are small.

Lemma 2 (Alon-Boppana). For fixed k, we have:

2
√
k − 1− on(1) ≤ λ2, |λn|

Note that the above equality is obtained for Tk, the infinite k-regular tree.

Definition 3. A graph G is called Ramanujan if λ2, . . . , λn ∈ [−ρ, ρ], where ρ = 2
√
k − 1. A

graph G is called bipartite-Ramanujan if λ2, . . . , λn−1 ∈ [−ρ, ρ], and λn = −k.

We will see a few examples now. Let Kk+1 be the complete graph on k + 1 vertices. We
note that Kk+1 is Ramanujan. Let Kk,k be the complete bipartite graph with k vertices on the
two partite sets. We note that Kk,k is bipartite-Ramanujan.

Lubotszky asked the following question: are there infinitely many Ramanujan k-regular
graphs for every k? We know that if k = pα + 1 then the answer is yes (LPS86,Mar86,Mar99).
Also recently, it was shown that it is true even for bipartite-Ramanujan graphs for all k (MSS15).
The question remains open for the general case for non-bipartite graphs. On a related note,
Friedman [2008] proved Alon’s conjecture and showed that ∀ε > 0, almost all k-regular graphs
have non-trivial spectrum in [−ρ − ε, ρ + ε]. Moreover, the standard belief is that a constant
fraction (about 85%) of k-regular graphs are Ramanujan.

2 The Bilu-Linial strategy

First, we define the notion of covers of graphs (lift).
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Definition 4. A r-cover of G:

• has vertices u1, . . . , ur, for all u ∈ V (G).

• has r edges “above” every edge in E(G).

• determined by |E(G)| permutation in Sr.

We list below some properties of covers:

1. G is k-regular if and only if H is k-regular.

2. The eigenvalues of G are “inherited” by H, i.e., spec(G) ≤spec(H).

Definition 5. H is called a Ramanujan cover if all new eigenvalues are in [−ρ, ρ] as well. H
is called a one-sided Ramanujan cover if all new eigenvalues are less than or equal to ρ.

Conjecture 6 (Bilu-Linial’06). Every regular graph has a Ramanujan 2-cover.

Note that if the above is true then there exists infinitely many Ramanujan graphs for all
k. Also, the above is not true for a random 2-cover.

Theorem 7 (MSS’15). Every graph has a one-sided Ramanujan 2-cover.

A corollary of the above result is the following:

Corollary 8. Every bipartite graph has a Ramanujan 2-cover.

Proof. If G is bipartite then spec(G) is symmetric around 0.

The above corollary implies that there exist infinitely many bipartite Ramanujan graphs
for all k.

Theorem 9 (HPS16). Every graph has a one-sided Ramanujan r-cover for all r.

3 Interlacing polynomials

Let f1, f2, g ∈ R[x] be polynomials such that all its roots are real. We have the following
expansions:

f1(x) = α0 ·Πn
i=1(x− αi)

f2(x) = β0 ·Πn
i=1(x− βi)

g(x) = γ0 ·Πn
i=1(x− γi),

such that the αs, βs, and γs are ordered with the α1/β1/γ1 being the largest.

Definition 10. f1 and g interlace if αi ≥ γi ≥ αi+1 and γi ≥ αi ≥ γi+1, for all i. f1 and f2
have a common interlacing if there is some polynomial that they simultaneously interlace.
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Lemma 11 (Interlacing lemma, Fell80). Assume f1, f2 ∈ R[x] have same degree and positive
leading coefficient then, f1, f2 have a common interlacing if and only if λf1 + (1− λ)f2 is real
rooted for all λ ∈ [0, 1].

Proof. Diagram explanation for forward direction

Consider the reverse direction. For all j ∈ [n] the jth root of λf1 + (1 − λ)f2 moves
continuously with λ. Now let i be the smallest index such that αi < βi+1. Diagram explanation
for arriving at a contradiction.

We observe that the ith root moves monotonically from αi to βi as λ moves from 0 to 1.
We get the following as an immediate corollary.

Corollary 12. Let ri(f) denote the ith root of f . Fix i ∈ [n] and λ ∈ [0, 1].

min(ri(f1), ri(f2)) ≤ ri(λf1 + (1− λ)f2) ≤ max(ri(f1), ri(f2))

4 The Proof of MSS (Modulo 2 ingredients)

We restate the theorem below:

Theorem 13 (MSS’15). Every graph has a one-sided Ramanujan 2-cover.

4.1 Step 1

This is still from the work of Bilu-Linial. We isolate the new spectrum. After a change of basis,
we can obtain the adjacency matrix of the cover such that it is block diagonal and with two
blocks AG and Q, where Q is some matrix 1,-1, and 0. In fact, we can find a basis such that Q
is some signing of AG

∗.

Theorem 14 (Bilu-Linial). The new spectrum of a 2-cover is equal to the spectrum of the
associated signing of AG.

4.2 Step 2

Here we consider the convex combination of the characteristic polynomials of the 2-covers. Let
∆2(G) be a simplex of all probability distributions on 2-cover.

∗signing of AG is the replacing the 1 in AG with 1 or -1.
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